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SUMMARIES 
In 1878 Georg Cantor proved that unique, one-to-one 
mappings could be constructed between spaces of arbitrary yet 
different dimension. This paper is devoted to a detailed 
analysis of the earliest attempts to deal with the impli- 
cations of that proof. Dedekind was the first to suggest 
that continuity was a key to the problem of dimensional 
invariance. Liiroth, Thomae, Jiirgens and Netto offered 
solutions, Netto's being the most interesting in terms of 
the specifically topological character of his paper. 
Cantor finally offered a faulty proof in 1879 that domains 
of different dimension could not be mapped continuously 
onto each other by means of a one-to-one correspondence. 
Finally, consideration is given to the reasons why Netto's 
and Cantor's faulty proofs went unchallenged for twenty 
years, until Jiirgens criticized them both in 1899. 
Im Jahre 1878 bewies Georg Cantor, dass einzig einein- 
deutige Abbildungen zwischen R;iumen beliebiger, jedoch 
verschiedener Dimension hergestellt werden kdnnen. Die 
vorliegende Abhandlung ist einer detaillierten Analyse der 
friihesten Versuche gewidmet, sich mit der Problematik 
jenes Beweises zu befassen. Zuerst wies Dedekind darauf 
hin, dass Kontinuit;it der Schlussel zu dem Problem der 
Dimensions-Invarianz sei. Liiroth, Thomae, Jiirgens und 
Netto lieferten Lijsungen; die interessanteste war die von 
Netto wegen des spezifisch topologischen Charakters seiner 
Abhandlung. Cantor schliesslich gab 1897 einen unvoll- 
kommenen Beweis, dass Gebiete verschiedener Dimension 
nicht kontinuierlich aufeinander mittels eineindeutiger 
Zuordnung abgebildet werden kijnnen. Den Schluss bildet 
eine Betrachtunq iiber die Griinde, warum Nettos und Cantors 
unvollkommene Beweise 20 Jahre lang nicht in Frage gestellt 
wurden, bis Jiirgens sie beide 1899 kritisierte. 
In 1878 Georg Cantor proved that unique, one-to-one mappings 
could be constructed between spaces of arbitrary yet different 
dimension [Cantor 1878; Dauben 19741. The result was quite 
unexpected. Mathematicians had intuitively assumed that the 
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least number of coordinates needed to designate the position of 
a point in space determined the dimension of that space. Thus 
no one thought that a point referenced in two-space, for example, 
could be represented by a single coordinate. Cantor had doubted 
the strength of this intuition as early as 1873, but whenever he 
tried to discuss the issue with fellow mathematicians, they 
registered surprise bordering on contempt [Cantor/Dedekind 1937, 
211. How could anyone, in all seriousness, consider the absurd 
idea of identifying each point of the plane with exactly one 
point of the line, and conversely? Much to everyone’s surprise, 
Cantor eventually succeeded in showing that such mappings were 
possible, and the discovery prompted one of his most frequently 
quoted remarks: “Je le vois, mais je ne le crois pas” [Letter 
of June 29, 1877, in Cantor/Dedekind 1937, 341. 
Though Cantor quickly drew the broadest conclusions, including 
a sweeping critique of all research based on the concept of 
dimensional invariance, it soon became clear that his proof was 
not as threatening to mathematics as it might have seemed at 
first. Cantor’s argument had not involved continuous mappings 
from one dimension to another. Dedekind in his correspondence 
with Cantor was the first to emphasize that continuity was surely 
the key to the matter [Cantor/Dedekind 1937, 381. Mathematicians 
had all along assumed that the invariance of dimension was 
connected with the assumed impossibility of continuous mappings 
between spaces of arbitrarily different dimension, but this had 
not been proved in any detail. Cantor and Dedekind agreed that 
a rigorous proof establishing the invariance of dimension under 
continuous one-to-one mappings must be sought, and both came to 
believe that the fundamental problem was to express continuous 
maps between arbitrary, continuous dimensions in a topologically 
satisfactory way. 
The present paper is devoted to a detailed analysis of the 
earliest attempts to deal with the implications of Cantor’s 
proof of 1878. The case is of particular interest to the histor- 
ian of mathematics because it involves the intensive efforts of 
a number of mathematicians to confront a specific problem with 
varying degrees of success. General proofs were produced purpor- 
ting to establish the invariance of dimension under one-to-one 
continuous mappings, but the most general ones were faulty. Why 
did more than twenty years elapse before anyone thought to 
challenge these proofs? The answer depends upon an appreciation 
not only of the state of mathematics at the time, but of the 
roles of counter-example and of certain psychological factors 
concerning the persuasiveness of any given form of proof. But 
above all, Cantor’s paper of 1878 is of special historical 
interest because it directly encouraged several attempts to 
develop a systematic topology for general spaces. Not until the 
appearance of an article by L.E.J. Brouwer in 1911, however, 
would a satisfactory solution be produced. 
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The early history of attempts to face the nature of dimension 
in general provides an interesting view of the ways in which 
mathematical theory and technique develop together. Though at 
any given moment the ultimate nature of a specific mathematical 
problem may remain unclear, even unresolved, the momentary fail- 
ure to achieve a lasting, completely rigorous solution may be 
of small importance if new ideas and methods have been produced 
in the attempt to achieve greater mastery. For historians of 
mathematics, the significance of concepts themselves, and the 
extent to which even faulty and imperfect developments may re- 
veal fundamental characteristics of mathematics in general, 
should be of particular interest 
II 
Cantor's article, "Ein Beitrag zur Mannigfaltigkeitslehre," 
published in Crelle's Journal in 1878, showed that a unique, 
one-to-one correspondence could be given between continuous 
domains of one and two dimensions. Immediately a rush of acti- 
vity was underway to show that the result failed under the 
additional condition that the mapping between spaces be continu- 
ous . Both J.' Liiroth and J. Thomae published papers in July of 
1878, followed by E. Jiirgens in August and E. Netto in October. 
Cantor's own response, "Uber einen Satz aus der Theorie der 
stetigen Mannigfaltigkeiten," appeared early in the following 
year. 
Luroth correctly stressed that the difficulty of resolving 
the doubts Cantor raised lay in precisely characterizing the 
generality of elements involved -- of continuous mappings and 
domains. [2] Specific cases were not so problematic. He was 
able to show that the two-dimensional plane of points Mp could 
not be made to corresponde continuously in a one-to-one fashion 
with the one-dimensional line of points Ml. In fact, by con- 
sidering more generally the m coordinates of points in a space 
of dimension m, and by letting m-2 coordinates be fixed, LUroth 
established that no space of dimension greater than or equal to 
2 could be mapped uniquely and continuously onto a straight 
line. Considering the circumference of a circle defined in M2, 
he assumed a unique map for which x and y in Ml corresponded 
respectively to a and b in M2. The elements a,b were assumed 
to lie on the circumference, and because he had assumed the 
continuity of the map, there had to be an intermediate point of 
the line which mapped to a point mid-way between the two points 
a and b on the circumference of the circle. Since this point, 
however, appeared twice on the circumference, Liiroth could sup- 
port his general conclusion that "for a continuous function of 
more than one variable a unique inverse mapping is not possible" 
[translated from Lilroth 1878, 1911. 
Proceeding more generally became difficult. There is little 
point in following the complicated analysis LUroth devised in 
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trying to raise his conclusions to higher dimensions. By 
dividing spherical surfaces into numerous quadrants, and then 
appealing to specially constructed longitudinal bands, he set 
up a correspondence in order to show that no space of dimension 
greater than Mg could be mapped in a one-to-one continuous way 
onto the plane [Liiroth 1878, 1951. But the argument was ponder- 
ous, and Liiroth made no attempt to go further and repeat the 
increasingly complicated argument in general. 
Jiirgens, following Liiroth by only a month, approached the 
mapping theorem in much the same way. Arguing in terms of the 
intermediate value theorem, he assumed the continuity of the 
correspondence and showed that it could not then be one-to-one 
[Jurgens 18781. But, like LUroth, he was able to establish 
this fact only for mappings onto spaces of dimensions one and 
two; those of higher dimension and the most general case still 
eluded their capabilities. Nonetheless, successful proofs for 
the most intuitive and visual cases must have strengthened the 
prevalent belief among mathematicians that the conjecture link- 
ing invariance of dimension with continuity was correct in 
spirit. 
Thomae’s proof, unlike those of Liiroth and JUrgens, was the 
first though tentative gesture towards establishing the con- 
tinuity hypothesis for spaces of arbitrary dimension. But the 
basis of his presentation erred in its reliance upon what he 
described as a well-known result of analysis situs: “A con- 
nected continuous space [zusammenhangende continuirliche Mannig- 
faltigkeit] Mn of n dimensions cannot be divided into separate 
parts by one or more spaces of n-2 or lesser dimension” [trans- 
lated from Thomae 1878, 466-4671. But this presupposed the 
theorem he was trying to prove. In fact, Liiroth stressed this 
in commenting on Jiirgens’ paper read to the section for mathe- 
matics and astronomy of the Gesellschaft Deutscher Naturforscher 
und Aerzte, meeting in Cassel in September of 1878 [Jiirgens 
1878, 139-1401. Moreover, the flavor of Thomae’s method was 
more one of pure analysis than of topology. As Netto was soon 
to demonstrate, the problems of dimension theory required, 
instead, new formulations and approaches. 
Netto’s paper of 1878 was the most sophisticated and far- 
reaching, not only with regard to its approach, different from 
all the others, but in its attempt to isolate those aspects of 
the problem that deserved special attention and explicit formu- 
lation. Above all, he outlined in a careful way certain basic 
concepts that today appear at the foundations of both set theory 
and topology, surpassing in this respect Cantor’s paper of 1879, 
which returned to the Liiroth-Jiirgens approach and did little to 
isolate the particularly ‘topological’ character of the problem. 
Netto, like his predecessors, stressed the fact that Cantor’s 
mapping of the plane onto the line in a unique way totally 
repudiated Riemann’s concept of dimension, and the matter 
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therefore required a closer look. The time had come for an 
entirely different perspective. Instead of assuming continuity 
and then trying to show that the mapping could not be one-to- 
one, Netto reversed the procedure by assuming the mapping to be 
one-to-one, and then proving the impossibility of continuity. 
Not only did this approach avoid the complexities of Liiroth's 
proof (and Jtirgen's 'simplifications'), but its simplicity and 
directness gave a better intuitive feeling for the essentials 
of dimension. Even Dedekind was impressed by Netto's work, as 
he admitted to Cantor: "The definitions given by Netto (whose 
paper pleases me very much, and whose proof, I think, can be 
made entirely correct with a few modifications) are basically 
good, but they seem to me capable of simplification and of com- 
pletion as well" [translated from CantorlDedekind 1937, 471. 
Netto proceeded as follows, illustrating his basic idea with 
the simple correspondence between line and plane Cantor had 
used as a focus for his 1878 paper. Assume the plane M2 to be 
mapped onto the straight line Ml in a continuous one-to-one 
fashion, then a line segment in M2 must be similarly mapped onto 
a segment of Ml. Denote endpoints of these line segments by 
a2,bz in M2; al,bl in Ml. Take any point p1 in Ml on al,bl, 
and any point pi outside al,bl. 
the endpoints al 
In order to join P,,Pi, one of 
or bl must be traversed, but this is not neces- 
sary for the line corresponding to pl,pi in M2. 
The method was simple and admitted easy generalizations to 
higher domains, as Netto indicated. Moreover, he was careful 
to emphasize the topological character of his interpretation of 
the problem. Pointing out the general proposition upon which 
his approach was based, Netto also emphasized the reason for a 
closer scrutiny of some fundamental principles: "The principle 
of this proof is the following: 'In a space of dimension v 
every configuration [Gebilde] of dimension v is bounded by 
another of lesser dimension; in a space of dimension v+l each 
configuration of dimension v coincides with its boundary.' In 
the cases v=1,2 this follows in any event from observation or 
intuition [Anschauung]; in general cases, for a more rigorous 
foundation, the concept of a configuration of dimension v, of 
an interior or boundary point of a configuration, etc., must 
also be determined" [translated from Netto 1878, 2651. 
Netto here touched upon a recurring theme in 19th century 
mathematics: intuition has both benefits and limitations. It 
is easy to imagine Lilroth following the guide of his geometric 
intuition to put together his first proof. The reasoning was 
relatively straightforward for mappings onto lines, but in the 
approach he and Jilrgens had taken, the geometric visualizations 
did not seem to suggest, or to allow, any direct extension to 
higher dimensions. The major virtue of Netto's idea was that 
it permitted an almost immediate generalization. 
Netto also realized that leaving the familiar territory of 
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perceptual three-dimensional space required a sureness of argu- 
mentation that mere analogy could not provide, guide though it 
may have been. In seeing this Netto was remarkably unlike his 
predecessors, who had rushed to show that Cantor’s criticism of 
Riemann’s view of dimension was met once the business of con- 
tinuity was restored to its rightful place in the discussion. 
But as Dedekind had mentioned, everyone had known, or at least.. 
assumed,as much all along. Liiroth’s success surely came as a 
surprise to no one, as Cantor’s proof, on the contrary, had. 
Though Cantor’s result was unexpected, no one seemed very sensi- 
tive to the real question he had raised: What, exactly, were 
the essential characteristics which established the nature of 
dimension? What factors necessarily and sufficiently determined 
the dimension of arbitrarily given spaces? Initially mathemati- 
cians seemed content to emphasize one-to-oneness and continuity 
as disposing of the dilemma Cantor had created, or at least 
emphasized. But these two conditions, in tandem, only insured 
that no dimensions of different order could be mistaken for 
each other through mappings of a continuous and unique kind. 
But no one had actually said anything about dimension per se. 
No one except Netto. 
In fact, in the course of his paper, Netto not only defined 
dimension, but went on to give explicit characterizations for 
what he called regular spaces, interior points, boundary points, 
connectivity -- all basic topological concepts. He also managed 
to show why the boundary of a given domain must be of a dimension 
lower than that of the domain itself. The general theorem, that 
a space of dimension n could not be mapped uniquely and continu- 
ously onto a space of dimension n-l, he proved by induction. 
With the proof already in hand for dimensions one and two, Netto 
had only to assume the truth of the theorem for n-l and proceed 
to argue its validity for a space of dimension n. 
III. 
Though Cantor suggested to Dedekind in a letter of December 
29, 1878, that there were difficulties with Netto’s proof, he 
never mentioned them specifically [Cantor/Dedekind 1937, 42-43; 
also letter of January 17, 1879, p. 441, and chose not to ela- 
borate any criticisms when he later mentioned Netto’s paper in 
his own proof of 1879. Instead, Cantor argued the superiority 
of his own analysis in terms of its generality and straight- 
forward approach to the problem. Despite the various solutions 
offered by his colleagues, he could still complain to Dedekind 
that none had been entirely satisfactory [ibid., 431. Cantor 
was clearly leaving the door open for an attempt of his own, and 
by early 1879 he was ready to show that his earlier result of 
1878 was possible only if the correspondence were discontinuous. 
His proof rested upon the intermediate value theorem as formu- 
lated by Bolzano: 
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(a) "A continuous function of one continuous variable 
t, which assumes a negative value for t=tO, and a 
positive value for t=tl, must be zero at least 
once [for some value of t] between to and tl." 
[translated from Cantor/Dedekind 1937, 441 
The basic theorem of the 1879 paper reduced to the following: 
"A continuous space Mu and a continuous space Mv, if 
u<v, cannot correspond to one another continuously, so that 
to each element of Mp one single element of Mv corresponds, 
and to each element of M, one or more elements of Mll 
belong." [translated from Cantor/Dedekind 1937, 431 
To prove this, Cantor proceeded by induction. It was clear 
for v=l. Assuming validity for v=n-1, Cantor set out to show 
it for v=n. He followed the familiar path or arguing by contra- 
diction. Considering a continuous mapping between two spaces 
MU and M,,,, where u<n, he assumed that transition from MU to Mn 
was one-to-one. But as Cantor was able to show, this assumption 
necessarily violated the intermediate value theorem. With this 
contradiction, he could then assert that one-to-one correspon- 
dences between spaces of different dimensions were possible only 
in discontinuous ways. 
Cantor first considered two elements a,b in Mu, and the two 
corresponding elements A and B in M,, Beginning with A as a 
center point, he constructed a spherical surface I$,-~ of order 
n-l around A, such that the point B was outside Knml. 
Similarly, Cantor constructed a spherical surface K around 
a in Mp, small enough to exclude the point b, and fur&es satis- 
fying the addition that the continuous space Gp-l of dimension 
p-1 in Mn corresponding to KUBl in MU lie entirely within KnBl 
in M,. He had merely required that under the map K,-1 - GU-l, 
GU,_l be contained entirely within Kn-1 in M,. For any point z 
on KV-l, Cantor labeled its corresponding point in Gum1 by 5. 
Extending the radius AC, 
in exactly one point, 2. 
it had to intersect the surface Kn- 
Cantor therefore argued that he ha a 
managed to produce a continuous map from each z on KUS1 to 
elements Z on K . But it also followed that under this corres- 
pondence, the p%ts z could in no way exhaust KnBl. Since he 
had assumed the truth of his theorem for v=n-1, it had to be 
true for the map between K,,,_l and KnBl. Therefore the correspon- 
dence between z and z could not be continuous, and z could not 
exhaust under the mapping every point of Knel. Letting P be 
a point of KnVl that failed to find a corresponding element z 
of Ku-l, the line AB could intersect G,,-1 at no point. (If it 
did, then P would correspond to some z on KUDl). Cantor then 
joined the points A,P and B, and claimed that he had thus given: 
(B) 'la composite [zusamnengesetzte] continuous curve APB 
that has no point in common with G,,-1." [translated 
from Cantor/Dedekind 1937, 461 
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Because of the assumed continuous correspondence between ~~ 
and MU, this curve APB had to correspond to at least one curve 
in MU joining a and b. But it then followed that: 
(y) "because of the basic theorem (CI) an image in MU of 
APB must meet the surface K,,-4 at least once." 
[translated from Cantor/Dedeklnd 1937, 461 
Clearly (0) and (y) are contradictory, since K,,-1 <->Gw-l. 
Therefore, Cantor was able to conclude that "the assumption of 
a continuous correspondence between Mn and Mp is an incorrect 
one, and our theorem is proven for the case v=n" [translated 
from Cantor/Dedekind 1937, 461. 
Dedekind was not entirely convinced. Though he described his 
objection as merely a "Kleinigkeit," the point he made was funda- 
mental [Dedekind in a note to Cantor dated January 19, 1878; in 
Cantor/Dedekind 1937, 46-471. Cantor was working under the 
assumption of a many-to-one mapping of an onto nature. More than 
one point in Mn could conceivably correspond to the same point 
in Mu. Dedekind drew an immediate and obvious conclusion: from 
Fin-;: Kv his 
Cantor had defined a particular 5 on Gum1 interior to 
5, by extending a radius from A through 5, defined 
Z on K,-1 and the important map between M,,-1 and Mnml. But it 
was entirely possible that 5 could be the same point as A. There 
was nothing to prevent both z and a in M,, from corresponding to 
the same point in Mn. But if c=A, then there was no way to 
determine the correspondence between KV-l and Kn-l. 
The problem was not an insurmountable one. Dedekind offered 
an immediate solution: "The difficulty arising here is clearly 
easy to remove as soon as the number of points a' in Mu, to 
which the same point A in I$, corresponds, is finite, since one 
only has to take the radius of the surface KU-l so small that 
the remaining points a' can be ignored" [translated from Cantor/ 
Dedekind 1937, 471. 
True enough. But this was an assumption Cantor was unwilling 
to add. It restricted the generality of his theorem. But with- 
out such a restriction, even if the problem of determining the 
map between K -1 and Kn-l were solved, there was yet another 
objection to I! antor's proof. It too concerned the lack of any 
assumption restricting the number of points in Mu which could 
map to a single element of Mn. This time the problem, for simi- 
lar reasons, 
If 
involved the continuous arc APB constructed in Mn. 
infinitely many points b' 
B Of Mn, 
in M,, were assumed to correspond to 
then Dedekind insisted that "the existence of a continu- 
ous line running from a to b, whose image ought to be the line 
APB, would be even more doubtful" [translated from Cantor/ 
Dedekind 1937, 201. This undermined the entire object of the 
proof itself, since it was the contradiction with the intermediate 
value theorem which the line ab in Mv provided. Without the line 
ab and the contradiction, the proof itself was lost. 
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Dedekind was sure that both hisobjections were easily overcome 
by merely adding the assumption that any map between M,, and Mn 
take only finitely many elements of Mp to single elements of Mn. 
Even before he had received Dedekind's letter suggesting the 
"finiteness" assumption, Cantor had anticipated the second of 
Dedekind's criticisms, and reformulated his proof accordingly 
[see Cantor's card to Dedekind postmarked January 20, 1878; in 
CantorjDedekind 1937, 481. Essentially he turned the proof on 
its head; beginning with points A and B in M, corresponding to 
points of M,,, Cantor picked one point a in MIJ corresponding to 
A and then constructed Ku-l around a so that G,,-l was included 
entirely within Knml. Furthermore, all the points b,b',b",..., 
corresponding to B, were assumed to lie entirely outside the 
surface Kp-1. Thus there was no longer any doubt that one of 
the lines corresponding to APB in Mu, beginning from a, had to 
lead to one of the points b,b',b",..., and in so doing must 
intersect Ku-l. 
But Dedekind's more fundamental objection to the whole proof 
had yet to be overcome. Without assuming that finitely many 
elements from Mu mapped to any single point of Mn, there was 
always the possibility that elements of Gu,-l would coincide 
with A, that the points z and a in Mu would map to the same 
point, and thus prevent the necessary first step of Cantor's 
proof, constructing the line ACZ to produce the correspondence 
between the surfaces S-1 and Kn-1. Cantor made the situation 
even more difficult by refusing to accept the compromise Dede- 
kind had suggested: "In any case it was my intention, when 
proceeding from the higher to the lower spaces M, to permit the 
many-oneness [Mehrdeutigkeit] in so general a way, that to a 
point from M, infinitely many points in M,, might correspond; 
thus it would not seem right to me if I had to restrict this 
assumption in order to save my proof" [translated from Cantor/ 
Dedekind 1937, 491. 
Cantor wrote nothing more to Dedekind about the matter. But 
by the end of 1879, he had published a totally revised version 
of the theorem in the Gijttinger Nachrichten [Cantor 18791. 
IV. 
By the time the published theorem appeared, Cantor's corres- 
pondence with Dedekind had provoked major changes. In print 
he acknowledged what the exchange of letters had only reflected: 
his proof was directly the product of his earlier proof that 
continuous domains of unequal dimension could be uniquely mapped 
in a one-to-one way. Cantor believed he had proven that con- 
tinuous maps between domains could be given only if the domains 
involved were of equal dimension. By indicating that his earlier 
example of the correspondence between the line and Euclidean 
plane was a discontinuous one, he signaled the suggestion which 
282 J.W. Dauben HM 2 
had led others, subsequently, to offer results of their own. 
Cantor pointed the way, and after Liiroth, Thomae, Jiirgens and 
Netto had all attempted answers varying in their generality, he 
gave what he felt was the most satisfactory and complete solution 
to the problem of dimension. 
Cantor attempted to bring different methods, he told readers 
of his new proof in the Gattinger Nachrichten, to establish the 
invariance of dimension in a most general form. First he defined 
spherical surfaces K,,-1 of order u-1 in a continuous space Mp. 
In order to explicitly stress the relation between his new 
approach and the intermediate value theorem, Cantor noted that 
the surface K,,-1 in the space MU divided the space MU into three 
parts. Having defined such a surface Kusl of Mp by the equation: 
F - (xl-al)2 + (x2-Q2 + . . . + (xp-aJ2 - I-2 = 0, 
he described points exterior to K,,,_l as those for which F>O, those 
interior were those for which F<O, and lastly, those points for 
which F=O comprised the surface Kp-l itself. As he worked out 
his proof by contradiction, the constructability of a continuous 
curve (from an interior point of MU to some exterior point) which 
failed to intersect Ku-l would be a clear contradiction of the 
intermediate value theorem. 
Having demonstrated the natural decomposition of Mp into 
interior and exterior points by the introduction of Kp-l, Cantor 
went on to define more explicitly the criteria of interior points 
and boundary points in a topological way. Points of a continu- 
ous domain Mv were essentially of two kinds: “interior points” 
[innere Punkte], for which any arbitrarily small neighborhoods 
of such points were also contained entirely within Mp, and “boun- 
dary points” [Punkte auf der Begrenzung], for which such neighbor- 
hoods were not. 
From the intermediate value theorem, Cantor was able to give 
a companion reformulation in his new topological terms of interior 
and exterior points: 
(6) “If K,,,_l is a spherical surface of order p-1 lying in 
M!JJ if a is a point of Mp interior to K,,-1, b a point 
of Mp exterior to KUml, and if N is any continuous 
configuration (of any order) within ~1.1 which contains 
both points a and b, then there is at least one point 
c which belongs simultaneously to both K,,-l and N" 
[translated from Cantor 1879, 135-1361. 
The theorem which served as the focus for the paper was then. 
given as follows: 
(E) “If one has a correspondence between two continuous 
configurations Mp and Mv such that to every point 
Z of MV at least one point z of M,, corresponds, and 
furthermore, if this correspondence is a continuous 
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one so that infinitely small variations of z corres- 
pond to infinitely small variations of z, and con- 
versely, then ~~=v."[translated from Cantor 1879, 1361 
Cantor again pressed his argument by induction. Were (E) not 
correct for v=n, then one could devise a correspondence between 
two domains Mu and M,, where p<n, in a continuous way under the 
assumed conditions. Cantor demonstrated how this would lead to 
a contradiction, in terms of (6) and the intermediate value 
theorem. As he had earlier outlined to Dedekind, the proof pro- 
ceeded more easily by beginning from points A and B in Mn, con- 
sidering their images in Mp, sets Cantor denoted (a') and (b'), 
with one of the points a in particular from (a') under considera- 
tion. Kn-l was then described about A, and similarly K~-~ 
about a so that its image G in M, was entirely within +I. 
Denoting those points z' in M,, which had images in Mn, and 
those without image in M, by z", Cantor stressed that such z' 
formed one or more separate continuous parts of KU-l, and that 
therefore the image,G of these points of Mn had to consist of 
one or more separate continuous parts. Each z' on Ku-l had a 
unique image 5 in G, while each 5 could have many images in K,,-1. 
Then Cantor turned to the difficult objection that Dedekind 
had raised. HOW could he be certain that, under the conditions 
of a general map, points 5 and A would not coincide, that G 
would not be identical with the point A itself? Cantor answered 
Dedekind as follows: 
"In general the configuration G will not, of course, 
contain the point A, but it may also happen that A is a 
point of G, namely if points of the collection (a') fall on 
Kp-1. Now, if 5' is a point of A different from the point 
5 of G, then we take the straight line [Strahl] AL;' in Mn; 
when extended, it meets the sufrace Knel in a definitely 
determined point z'." [translated from Cantor 1879, 1371 
The basic idea of the entire theorem, both in its earlier form 
as Cantor described it to Dedekind, and then in its printed ver- 
sion, was to establish a continuous mapping between the surfaces 
K[-1 and Kn-l. As Dedekind saw it, were A to coincide with G, 
t en there was no way to determine such a map. Cantor, by pro- . . jecting G onto KnVl by straight lines generated from A, even 
were A on G, at least achieved the necessary map for all those 
elements z' of K,,-l which were not images of A, but corresponded 
to points 5' different from A. 
Cantor now argued the validity of his theorem just as he had 
before, in his correspondence with Dedekind. The points z' could 
not include all points of Kuvl. If so, there would then be a 
continuous map between Kp,_l and Kn-1, where u-l<n-1, and fulfil- 
ling the assumed conditions of Theorem (E). But having assumed 
(c) to be true for v=n-1, Cantor's line of argument had reached 
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the desired contradiction. Thus, the all-important conclusion: 
“Therefore, there must be points on Kn-1 with which Z’ never 
coincides ; if one connects the point A with one such point 
P by the straight line AP, then certainly the line AP 
meets G in no points different from A." [translated from 
Cantor 1879, 1371 
The final argument was similar to Cantor’s earlier proof. To 
APB, which failed to cut G in any of its points (except perhaps 
at the original point A), there corresponded a line N in M , 
beginning from a and leading to one or more of the points b. N 
could have no points in common with KU-l; moreover, N could not 
include any of the points (a’), since APB never returned to the 
point A. Neither could N include any of the other points z’ of 
Ku-1 2 since G did not coincide with APB, except perhaps at the 
point A. Clearly N could not contain any of the z” points, 
since these had no images in Mn. Thus Cantor was able to produce 
a line ab in terms of a continuous set of points N, which never 
intersected KL,-l. This clearly contradicted (6) as well as the 
intermediate value theorem. Consequently, Cantor asserted the 
validity of his Theorem (E) for the case v=n, and hence the 
truth of his argument in general. 
V. 
The brilliance of Cantor’s paper lay in its introduction of 
an elementary n-dimensional topology. Earlier Cantor had hinted 
at the concept of a two-dimensional topology, but finally, in 
the 1879 paper, he not only created the explicit definitions of 
interior and boundary points in terms of neighborhoods, but he 
also used these concepts in skillful support of his proof. Not 
only did his argument develop in the topological terminology he 
had given, but he gave Bolzano’s version of the intermediate 
value theorem in an equivalent, more general topological form. 
As for the logical soundness of Cantor’s reasoning, it is 
significant that neither his proof, nor Netto’s, seems to have 
been publicly challenged until 1899. That originally both Cantor 
and Dedekind should have overlooked an important logical error 
in the paper of 1879 reflects both the difficulty and complexity 
of the problem. But twenty years later, in the pages of the 
Jahresbericht der Deutschen Mathematiker-Vereinigung, Jiirgens 
mentioned serious lacunae in both Cantor’s and Netto’s attempts 
to establish the general mapping theorem [Jtirgens 1899, 531. In 
particular he pointed out that Cantor’s assertion that the map 
between K,,,_l and Kn-l was continuous was merely an assumption 
still requiring proof, made all the more difficult by the fact 
that multiple images of points had been allowed, i.e. that the 
correspondence was not one-to-one. 
Moreover, Jilrgens argued that the fundamentals had still been 
overlooked [JUrgens 1899, 51-531. What was to be understood by 
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continuity, by variation? He put the entire matter as follows: 
"Should a v-fold extension be considered at all in Riemann's 
sense of a collection of objects, be they points, colors, 
functional relations or the like, then the concept of a 
continuous correspondence and simultaneously the concept 
of a small variation of its elements as well must already 
be certain or at least determinable in a natural and 
evident way." [translated from Jiirgens 1899, 511 
And there was yet another problem. What was the meaning of 
dimension in certain pathological cases? Focusing on specially 
defined subsets, Jiirgens argued that it was not at all clear 
what dimension should be assigned to sub-collections of sets of 
given dimension. Jiirgens discussed certain such subsets which 
he called "extensionless domains," and criticized Netto's proof 
for not having taken such difficult possibilities into considera- 
tion [Jiirgens 1899, 52-531. 
The specific criticisms Jiirgens brought to bear against the 
proofs given by Cantor and Netto are not as important as the 
fact that they came twenty years later! Jiirgens suggested only 
one reason why no one before him should have bothered to criti- 
cize either Cantor's or Netto's results: 
"Since in mathematics too the printed word easily finds 
faithful acceptance, particularly if it proceeds from dis- 
tinguished authors, it is therefore understandable ever 
since [publication of Cantor's proof], that the entire 
question has been considered as already solved, and that 
recently prominent mathematicians still simply cite that 
work." [translated from Jtirgens 1899, 521 
But the power of the printed word had not prevented Liiroth 
from criticizing Thomae's proof almost before it was published, 
and mathematicians have rarely felt that a proof once in print 
was necessarily beyond reproach. The reasons for such a lengthy 
hiatus between the proofs and JUrgens' doubts are probably 
numerous and complex. After all, it was more than twenty years 
after Riemann's own pronouncement on the invariance of dimension 
that Cantor finally shocked everyone with his audacious proof. 
Before Cantor's result, and even after, mathematicians continued 
to trust their intuition, and Dedekind himself had written to 
Cantor about his own reaction. In so many words, Riemann had 
probably meant to say what everyone believed anyway: continuity 
was an essential auxillary requirement [Dedekind's letter to 
Cantor of July 2, 1877, in Cantor/Dedekind 1937, 37-381. Cantor 
had forced mathematicians to make explicit what had previously 
been intuitive. 
Secondly, in a short time, rigorous proofs had been given for 
the necessity of continuity in the cases of mappings onto lines 
and planes. Ltiroth, hindered by the complexities of his approach, 
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was prevented from proceeding further, but was certain that 
confirmation of the general case would be forthcoming. In fact, 
in the same year, Netto gave his solution, assuming uniqueness 
and deducing the impossibility of continuity except between 
domains of equal dimension. Cantor, just months later, gave 
his own proof. Though neither was without fault, the results 
were what everyone had expected. In offering his own simplifi- 
cation of Lffroth’s original proof, Jfirgens, in 1878, like the 
others, must have been convinced of the general validity of the 
theorem on which he had been working. Whether it was the power 
of the printed words of Cantor and Netto or the belief in the 
truth of the result that obscured his critical powers, the fact 
remains that Jilrgens, like his contemporaries, accepted the 
results as expected. 
A final reason why attention may not readily have been drawn 
to the weaknesses in Cantor’s proof, as well as in Netto’s, 
depends upon a more subtle, complex, and yet general phenomenon 
in the history of science: results that seem to be adequate 
today, with better understanding, new techniques, and finer 
measurements, may be brought into sharper focus, better resolu- 
tion, and either corroborated or refuted. In this respect 
mathematics shares identifiable characteristics with the other 
sciences. 
Jiirgens criticized Netto’s paper for its failure to consider 
what he called “extensionless” domains [Jiirgens 1899, 531. But 
in the context of Netto’s proof, to expect him, or anyone, to 
have made what amounts to a rather sophisticated consideration 
at the then-primitive state of the art would be expecting more 
than is reasonable. It is a bit like criticizing someone for 
not having considered a certain counter-example. Such ex-post- 
facto criticisms are of course nonetheless true, and must be 
accounted for, but I suggest that in 1879 no one was ready to 
raise the sort of questions Jiirgens was asking in 1899. This is 
a good example of how an incorrect proof can go undetected, 
particularly if the conclusion is one that everyone is inclined 
to believe. But until someone appears on the scene with a new 
viewpoint, insight or counterexample, the offending part may go 
unnoticed. JUrgens realized that there were pitfalls in the 
general notion of dimension itself as Netto had used it, and he 
was able to produce a counterexample to invalidate Cantor’s 
conclusions. In particular, he showed how the intermediate 
value theorem, upon which Cantor had based his entire proof, 
need not hold in general for functions which are not uniquely 
defined, i.e. for functions defining a many-one correspondence 
[Jiirgens 1899, 53-541. 
VI. 
Despite the number of reasons we might advance for the sur- 
vival of Cantor’s and Netto’s faulty proofs, the fact remains 
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that each contributed to initiating the topological basis for 
understanding the nature of dimension. Their example demon- 
strates how the complexities of a particular mathematical 
problem may require specially developed concepts, techniques 
and a kind of rigorous logic that working in general terms 
demands before even tentative solutions are possible. 
Thus even proofs which are eventually discarded and usually 
forgotten may still be instructive, and therefore of interest 
to historians of mathematics. It is not merely a matter of 
deciding which proofs were correct and which were wrong that 
ought to be the ultimate goal. The how and why of the develop- 
ment of mathematics are more revealing and illuminating questions 
for historical study, and here, certainly, the examination of 
even false argumentation is highly instructive, and in its way, 
of unique value. 
The early history of topology and dimension theory makes it 
perfectly clear that Netto and Cantor were working toward pre- 
conceived conclusions. No one seemed prepared to question or 
to scrutinize their means of reaching their expected ends. To 
do what they did required new ideas that would eventually 
develop in a multitude of directions. But only much later, 
when the deeper problems of dimension were better understood, 
could the matter find a satisfactory solution. Counterexample, 
like the facts that finally dash the coherence of an entire 
theory, whatever the specific science in question may be, play 
their role in mathematics as elsewhere. Errors and lapses of 
strictly logical argumentation illuminate the process of proof 
in a special way. Knowing where faults lie may lead to better 
understanding why they occur, and in turn to uncovering the 
essential features necessary and responsible for further progress 
Netto and Cantor, in believing that they had rigorously estab- 
lished the conditions characteristic of the invariance of dimen- 
sion, had forged new concepts in the process, and these were 
permanent contributions, even if their proofs were not. 
NOTES 
1. I am indebted to the National Science Foundation and to the 
Faculty Research Foundation of the City University of New 
York for their help in support of this research. 
2. Cantor had immediately recognized such difficulties at the 
outset, and signaled them specifically to Dedekind in a 
letter of 1877 [Cantor/Dedekind 1937, 401. 
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